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Commutants mod Normed Ideals
Dan-Virgil Voiculescu
Dedicated to Alain Connes on the occasion of his 70th birthday.
1. Introduction
The full name of the normed ideals to which we refer in the title, is
“symmetrically normed ideals of compact operators”, among which the
Schatten–von Neumann p-classes are the most familiar. The commu-
tants are commutants modulo a normed ideal of n-tuples of self-adjoint
operators, or equivalently of the algebras generated by these operators.
When the normed ideal is K, that is the ideal of compact operators,
then up to factoring byK, this is roughly how one arrives at the Paschke
dual of a finitely generated C∗-algebra ([33], see also [25]), that is a ba-
sic duality construction in the K-theory of C∗-algebras, that in essence
hails from the abstract elliptic operators of Atiyah [2]. What happens
if K is replaced by a smaller normed ideal I? As we will see, commu-
tants mod I are not simply “smooth versions” of those mod K, and
they are often closer to C∗-algebras than one would expect, while they
connect with many questions in perturbation theory.
From an operator theory perspective, following the Brown–Douglas–
Fillmore work [7], [8] and the development of the K-theory of C∗-
algebras all the way to Kasparov’s bivariant theory ([26], see also [5],
[23]) many things about compact perturbations can now be understood
from this point of view.
When other normed ideals than K are considered, there are dif-
ferent aspects to be taken into account. For instance, Alain Connes’
cyclic cohomology is the algebraic framework for trace-formulas like the
Helton–Howe formula for almost normal operators [22], [15]. On the
other hand, the invariance of Lebesgue absolutely continuous spectra
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under trace-class perturbations, fits with our modulus of quasicentral
approximation invariant which is one focus of the present article.
Starting with an adaptation [43] of the Voiculescu non-commutative
Weyl–von Neumann type theorem [42] to normed ideals other than K,
we found that kI(τ), the modulus of quasicentral approximation for
the n-tuple τ relative to the normed ideal I, underlies many questions
concerning perturbation of operators [43], [44], [49]. This quantity has
also turned out to be connected to the Kolmogorov–Sinai dynamical
entropy ad to the supramenability of groups [47], [54]. We should also
mention that, as we found in [43], [44], [45], in many of these questions
Lorentz (p, 1) ideals instead of Schatten–von Neumann p-classes give
sharp results when p > 1.
To Alain Connes’ non-commutative geometry, the normed ideals are
purveyors of infinitesimals [15]. The machinery around kI(τ) has found
technical uses in the spectral characterization of compact manifolds
[16] (i.e., their characterization as non-commutative manifolds) and in
results about unbounded Fredholm modules [13].
Since the numerical invariant kI(τ) turned out to have good prop-
erties and to unify several perturbation problems, we recently looked
whether there is not actually more structure around this number. The
commutant E(τ ; I) of an n-tuple of operators τ mod a normed ideal
I provides such structure. The first step in the study of E(τ ; I) is to
introduce K(τ ; I) its ideal of compact operators and the corresponding
Calkin algebra E/K(τ ; I). Under suitable assumptions on kI(τ), there
are many functional analysis similarities between (K(τ ; I),E(τ ; I),E/K(τ ; I))
and the usual (K,B,B/K) where B denotes the bounded operators.
With this analogy as a guide we also took the first steps in computing
some K-groups of such algebras. The K-theory can be quite rich and
this demonstrates why the E/K(τ ; I) should not be thought as being
“smooth versions” of E/K(τ ;K), i.e., essentially of Paschke duals.
As a general comment about algebras associated to perturbations
from a normed ideal I, it appears that E(τ ; I), which is closer to the
abstract elliptic operators point of view of Atiyah, being a Banach
algebra may have from a functional analysis point of view some ad-
vantages over dealing with homomorphisms of algebras into B/I in
the Brown–Douglas–Fillmore style. The algebra B/I is not a Banach
algebra, though smooth functional calculus of various kinds can still
be performed in B/I. On the other hand E/K(τ ; I) if kI(τ) < ∞ is
actually isomorphic to a C∗-algebra.
Very recently we found that kI(τ) remains an effective tool also
when generalized to handling of hybrid perturbations. That is instead
of a normed ideal I, we will have an n-tuple of normed ideals (I1, . . . , In)
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and the perturbation of τ to τ ′1 is such that Tj −T
′
j ∈ I− j, 1 ≤ j ≤ n.
We will also very briefly mention a few results in this direction [57],
[58], which are quite sharp.
Here is in brief how the survey proceeds. After this introduction we
provide some background on the normed ideals we will use. We then as
a motivating example recall the main facts about normed ideal pertur-
bations of one self-adjoint operator. Then we introduce the invariant
kI(τ) and its basic properties. Next we give a version of the Voiculescu
theorem adapted to normed ideals. After this we pass to the appli-
cations of this machinery to normed ideal perturbations of n-tuples of
commuting hermitian operators. Next we explain the endpoint prop-
erties of k−∞(τ) which is the case when I is the Macaev ideal. The way
the Kolmogorov–Sinai entropy is related to k−∞(τ) is explained after
this. Then we discuss results for finitely generated groups and the re-
sult and open problem about k−∞ and supramenable groups. After this,
we go over to commutants mod normed ideals. We explain that kI(τ)
is related to approximate units of the compact ideal K(τ ; I) of E(τ ; I).
The Banach space properties of E(τ ; I) are then discussed as well as
properties of E/K(τ ; I) where kI(τ) <∞ or kI(τ) = 0. We then look at
the results about K0(E(τ ; I)) for n-tuples of commuting hermitian op-
erators, which, to simplify matters we choose here to be multiplication
operators by the coordinate functions in the L2-space with respect to
Lebesgue measure on a hypercube. We then discuss a few results in the
hybrid setting. Quite briefly finally some applications to unbounded
Fredholm modules are then pointed out.
The study of commutants mod normed ideals and of the invari-
ant kI(τ) and of the hybrid generalization are still at an early stage
and from a reading of this survey one realizes the multitude of open
problems of varying degrees of difficulty. Still at the end we briefly
mention some sample open problems which had not appeared with the
presentation of results.
At various points in this exposition, in order to avoid technical
detail, we did not aim at the most general or technically strongest
version of the results. We hope this kind of simplification will make it
easier for the reader to focus on the big picture.
2. Background on normed ideals
Throughout we shall denote by H an infinite dimensional separable
complex Hilbert space and byB(H),K(H), R(H) or simplyB,K,R the
bounded operators, the compact operators and the finite rank operators
on H. The Calkin algebra is then B/K and p : B → B/K will be the
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canonical homomorphism. A normed ideal (I, | |I) is an ideal of B so
that R ⊂ I ⊂ K and | |I is a Banach space norm on I satisfying a set
of axioms which can be found in [20], [40]. In particular if A,B ∈ B
and X ∈ I we have |AXB|I ≤ ‖A‖ |X|I ‖B‖. If I is a normed ideal, its
dual as a Banach space is also a normed ideal Id, where now we have
to also allow the possibility that Id = B, and the duality is given by
(X, Y ) → Tr XY . If I is a normed ideal then the closure of R in I is
also a normed ideal which we shall denote by I(0) and which may be
strictly smaller than I.
If 1 ≤ p <∞, the Schatten–von Neumann p-class Cp is the normed
ideal of operators X ∈ K so that |X|p = (Tr((X
∗X)p/2))1/p < ∞
endowed with the norm | |p. In particular, C1 is the trace-class and
C2 is the ideal of Hilbert–Schmidt operator. Another scale of normed-
ideals which we shall use here is (C−p , | |
−
p ), 1 ≤ p ≤ ∞ which are
the Lorentz (p, 1)-ideals. If s1 ≥ s2 ≥ . . . are the eigenvalues of the
compact operator (X∗X)1/2 then |X|−p =
∑
j∈N sjj
−1. Of particular
interest is the case where p = ∞ and |X|−∞ =
∑
j∈N sjj
−1. If p = 1,
C
−
1 = C1, but otherwise C
−
p ⊂ Cp but C
−
p 6= Cp, 1 < p ≤ ∞, where
C∞ = K. The ideal C
−
p can also be described as the smallest normed
ideal for which the norm on projections is equivalent to the p-norm,
when 1 ≤ p < ∞ while |P |−∞ ∼ log Tr P when p = ∞ for a projection
P . The ideal C−∞ is also called the Macaev ideal.
The normed ideals can also be viewed as the non-commutative ana-
logue of classical Banach sequence spaces [29].
3. The theorems of Weyl–von Neumann–Kuroda and of
Kato–Rosenblum
Let A and B be hermitian operators on H and let (I, | |I) be a
normed. Recall that p denotes the homomorphism onto the Calkin
algebra. Thus the essential spectrum σ(p(A)) of the hermitian operator
A is obtained from its spectrum σ(A) by removing the isolated points
λ ∈ σ(A) which corresponds to eigenvalues of finite multiplicity. By
results of Weyl, von Neumann and Kuroda, see [27], we have:
Assume I 6= C1, ε > 0, and σ(A) = σ(B) = σ(p(A)) =
σ(p(B)). Then there is a unitary operator U so that
|UBU∗ − A|I < ε.
Note that, given A, we may choose B to be diagonal in an orthonor-
mal basis and thus we get |X−A|I < ε where X = UBU
∗ is an operator
which can be diagonalized in an orthonormal basis.
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The trace-class C1 is actually the smallest normed ideal. If I = C1,
the previous result fails because of the Lebesgue absolutely contin-
uous spectrum, which is a conserved quantity under trace-class per-
turbations. This is a consequence of the Kato–Rosenblum theorem
of abstract scattering theory ([27], [37]). If X = X∗, we say that
X has Lebesgue absolutely continuous spectrum, if its spectral mea-
sure E(X ; ·) is absolutely continuous wr˙t˙L˙ebesgue measure (equiva-
lently this is that the scalar measures 〈E(X ; ·)ξ, η〉 for all ξ, η ∈ H are
Lebesgue absolutely continuous). Given X , the Hilbert space H splits
in a unique way H = Hac ⊕Hsing into X-invariant subspaces so that
X | Hac has Lebesgue absolutely continuous spectrum, while X | Hsing
has singular spectrum, that is the spectral measure of X | Hsing is
carried by a Borel set of Lebesgue measure zero. It is a corollary of the
Kato–Rosenblum theorem that:
if X − A ∈ C1 then X | Hac(X) and A | Hac(A) are
unitarily equivalent.
The Kato–Rosenblum theorem actually provides two intertwiners,
to achieve the unitary equivalence, the generalized wave operatorsW±:
under the assumption X − A ∈ C1 the strong limits
W± = s− lim
t→±∞
eitAe−itX | Hac(X)
exist. Moreover we have W±Hac(X) = Hac(S) and
W±(X | Hac(X)) = (A | Hac(A))W±.
Thus the Lebesgue absolutely continuous part A | Hac(A) is con-
served up to unitary equivalence under perturbations in C1 and cannot
be diagonalized.
On the other hand for the singular spectrum, the ideal C1 is not
different from other ideals. For instance the Weyl–von Neumann–
Kuroda theorem holds also for C1 if the spectrum is singular that is if
Hac(A) = Hac(B) = 0.
Concerning what goes into the proofs of these theorems, the Weyl–
von Neumann–Kuroda results rely essentially on partitioning
I = E(A;ω1) + · · ·+ E(A;ωn)
where ω1, . . . , ωn is a partition of σ(A) into Borel sets of small diam-
eter, while the Kato–Rosenblum theorem uses some Fourier analysis,
which can be viewed as related to the L2-boundedness of the Hilbert
transform.
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To conclude this discussion we should also say that the role of as-
sumptions about spectra and essential spectra σ(A) = σ(p(A)) will
become clearer in the next section when we consider C∗-algebras.
4. The theorem of Voiculescu
After the work of Brown–Douglas–Fillmore which solved the uni-
tary conjugacy question for normal elements of the Calkin algebra, it
became clear that it is preferable in this kind of question to view op-
erators or n-tuples of operators as representations of the C∗-algebra
which they generate. For instance given an n-tuple of commuting
hermitian operators A1, . . . , An this is just the representation of the
commutative C∗-algebra C(K) of continuous functions on their joint
spectrum K = σ(A1, . . . , An) which arises from functional calculus
ρ(f) = f(A1, . . . , An).
One version of the Voiculescu theorem ([42], see also [1]) is a non-
commutative generalization of the perturbation results for one hermit-
ian operator in case I = K, the ideal of compact operators:
If A is a unital separable C∗-algebra and ρ1, ρ2 : A →
B(H) are unital ∗-homomorphisms such that ker p◦ρ1 =
ker p ◦ ρ2 = 0, then there is a unitary operator U so that
ρ1(a)− Uρ2(a)U
∗(a) ∈ K for all a ∈ A.
For instance to recover the Weyl–von Neumann result for two her-
mitian operators A,B with σ(A) = σ(B) = σ(p(A)) = σ(p(B)) = K
one takes A = C(K), ρ1(f) = f(A), ρ2(f) = f(B) and the conclusion
is applied to the particular choice of f being the identical function.
This very general result for compact perturbations, obviously leads
to the question: What happens when the compact operators are re-
placed by a smaller normed ideal I? We found that there is a key
quantity which needs to be taken into account and which will be dis-
cussed in the next section.
5. The invariant kI(τ)
Let τ = (Tj)1≤j≤n be an n-tuple of bounded operators on H and
(I, | |I) a normed ideal. Then themodulus of quasicentral approximation
is defined as follows ([43], [45]):
kI(τ) is the least C ∈ [0,∞], such that there exist finite
rank operators 0 ≤ An ≤ I so that Am ↑ I and we have
lim
m→∞
max
1≤j≤n
|[Am, Tj ]|I = C.
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If I = Cp or I = C
−
p we denote kI(τ) by kp(τ) or respectively by
k−p (τ). In particular in the case of the Macaev ideal I = C
−
∞ we get
k−∞(τ). Here are some of the first properties of this invariant (see [45]).
1◦ [1,∞] ∋ p → k−p (τ) ∈ [0,∞] is a decreasing function
of p.
2◦ for a given τ there is p0 ∈ [1,∞] so that if p ∈ [1, p0)
then k−p (τ) = ∞, while if p ∈ (p0,∞] then k
−
p (τ) = 0.
(Note that if k−p (τ) ∈ (0,∞) then we must have p0 = p.)
3◦ assuming R is dense in I, then if τ, τ ′ are n-tuples so
that Tj − T
′
j ∈ I, 1 ≤ j ≤ n, then kI(τ) = kI(τ
′).
4◦ assuming τ = τ ∗ and that R is dense in I, we have:
kI(τ) > 0 iff there exist Yj = Y
∗
j ∈ I
dual, 1 ≤ j ≤ n so
that i
∑
j [Tj , Yj] ∈ C1 +B(H)+ and Tr i
∑
j [Tj , Yj] > 0.
To prove that kI(τ) = 0 or that kI(τ) <∞ one can use the definition
of kI(τ) and find a suitable sequence of operators An. To prove that
kI(τ) > 0 is usually more difficult as one has to find suitable Yj (1 ≤ j ≤
n) which satisfy property 4◦. For instance in the case of I = C1 and n =
1, this boils down to the boundedness of the Hilbert transform in L2.
Indeed, remark that if T is the multiplication operator in L2([0, 1], dλ)
by the coordinate function and H is the compression of the Hilbert
transform to L2([0, 1], dλ) then [T,H ] = iP where P is the rank one
projection onto the constant functions.
The reader may have wondered why we did not pay more attention
to kp(τ) instead of focusing on k
−
p (τ). The reason is that if p = 1 then
C−1 = C1 and we have k1(τ) = k
−
1 (τ), while otherwise, if p > 1 we have
that kp(τ) ∈ {0,∞} ([45]).
6. Some uses of kI(τ)
A general result that uses kI(τ) is the adaptation of the Voiculescu
theorem [43], to deal with other normed ideals than K. Here is a
version of such an adaptation:
Let A be a C∗-algebra generated by Xk, 1 ≤ k ≤ n
and let ρ1, ρ2 be unital ∗-representations on H of A
2,
so that ker p ◦ ρj = 0, j = 1, 2. Assume moreover that
kI(ρj(Xk)1≤k≤n) = 0, j = 1, 2. Then there is a unitary
operator U so that
Uρ1(Xk)U
∗ − ρ2(Xk) ∈ I, 1 ≤ k ≤ n.
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Actually, this version which we chose for simplicity, is a corollary
of a more general absorption version (see [43]). Note also that one can
also have that
|Uρ1(Xk)U
∗ − ρ2(Xk)|I < ε, 1 ≤ k ≤ n
for a given ε > 0.
Remark that the previous result when applied to A = C(K) where
K ⊂ R is a compact set and X is the identical function X(t) = t,
reduces the Weyl–von Neumann–Kuroda theorem to proving the fol-
lowing fact:
if T = T ∗ and I 6= C1, then kI(T ) = 0.
There is also the following general construction for a given n-tuple
τ and a normed ideal I.
If (Pi)i∈I are projections in the commutant (τ)
′ so that kI(τ |
PiH) = 0, then also P =
∨
i∈I
Pi is so that kI(τ | PH) = 0. In particular,
there is a largest reducing subspaceHs of τ , so that kI(τ | Hs) = 0. The
subspace Hs is called the I-singular subspace of τ , while Hs = H⊖Hs
is called the I-absolutely continuous subspace of τ .
The names given to these reducing subspaces of τ are motivated
by the case of commuting hermitian operators. In particular, in the
simplest case of one hermitian operator T = T ∗ and I = C1, the C1-
singular and C1-absolutely continuous subspaces of T are precisely the
Lebesgue singular and Lebesgue absolutely continuous subspaces of T .
The use of k1 reduces this to the following fact:
k1(T ) = 0⇔ the spectral measure of T is singular w.r.t.
Lebesgue measure.
Note that⇒ relies essentially on the L2-boundedness of the Hilbert
transform.
Much of our initial motivation for developing a machinery based
on the invariant kI(τ) for studying perturbations of n-tuples of opera-
tors was to extend perturbation results for one hermitian operator to
commuting n-tuples of hermitian operators. For instance for n = 2,
which is equivalent to dealing with one normal operator N , there was
the problem attributed to P. R. Halmos whether N = D+K where D
was diagonalizable and K ∈ C2. In essence, this problem was whether
C2 plays the same role for pairs of commuting hermitian operators that
C1 plays for singletons. It turned out that normal operators can be
diagonalized mod C2 ([43]), but it is better to go over to n-tuples
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of commuting hermitian operators and describe the general results ob-
tained with the modulus of quasicentral approximation.
7. Perturbations of commuting n-tuples of hermitian
operators
It turned out that for n-tuples of commuting hermitian operators
there is a threshold ideal C−n . This also explains the mod C2 diago-
nalization of normal operators. Here are some of the main results for
such n-tuples ([3], [7], [43], [44]).
1◦ If I is a normed ideal and I ⊃ C−n , I 6= C
−
n and τ is an n-
tuple of commuting hermitian operators then kI(τ) = 0.
In particular, there is a diagonalizable n-tuple δ so that
τ ≡ δ mod I.
2◦ If τ and τ ′ are n-tuples of commuting hermitian opera-
tors and τ ≡ τ ′ mod C−n , then their Lebesgue absolutely
continuous parts τac and τ
′
ac are unitarily equivalent.
3◦ There is a universal constant 0 < γn <∞ so that if τ
is an n-tuple of commuting hermitian operators, then
(k−n (τ))
n = γn
∫
Rn
m(s)dλ(s)
where λ is Lebesgue measure and m(s) is the multiplicity
function of the Lebesgue absolutely continuous part of τ .
If n = 1, then γ1 = 1/π.
The Kato–Rosenblum theorem was also generalized using k−n (τ),
but the results (see [44]) are perhaps not complete. For n ≥ 3 we
have a very general result showing that some very general generalized
wave operators exist and are actually all equal. For n = 2 we get the
existence of enough non-trivial intertwiners, but the convergence is not
strong. Note that we don’t have a proof of the usual Kato–Rosenblum
theorem using k1(τ). Its corollary about the unitary equivalence of
absolutely continuous parts can be however recovered in case the mul-
tiplicity function of one of the operators is integrable by using the
formula for k1 applied to f(A) for C
∞-functions f .
It is an open problem whether the very strong Kato–Rosenblum
type results we proved for n ≥ 3 in [44] also hold for n = 2.
The machinery based on kI(τ) for dealing with perturbations of
commuting n-tuples of hermitian operators applies as soon as we know
the decomposition H = Ha(τ) ⊕ Hs(τ) for a given normed ideal I.
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This essentially means to study the n-tuple of multiplication operators
by the coordinate functions in L2(Rn, µ) where µ is a more general
measure, for instance more like a Hausdorff p-dimensional measure 1 ≤
p < n, p not necessarily an integer. The essential difficulty is in showing
that certain singular integrals give operators in certain normed ideals
in order to show that k−p (τ) > 0. Rather general results of this kind
were obtained in our joint work with Guy David [17]. Here is the key
result from [17]:
Let µ be a Radon probability measure with compact sup-
port on Rn so that the Ahlfors condition
µ(B(x, r)) ≤ Crp, ∀x ∈ Rn, r ≤ 1
holds for a certain p > 1. Let further τµ be the n-tuple
of multiplication operators by the coordinate functions in
L2(Rn, dµ). Then we have:
k−p (τµ) > 0.
8. k−p (τ) at the endpoint p =∞ and dynamical entropy
In case I = C−∞, the Macaev ideal, the invariant k
−
∞(τ) has remark-
able properties ([45]).
Let τ be an n-tuple of bounded operators. We have:
(i) k−∞(τ) <∞, more precisely k
−
∞(τ) ≤ 2‖τ‖ log(2n+ 1)
(ii) k−∞(τ) = k
−
∞(τ ⊗ IH)
(iii) if I is a normed ideal so that I ⊃ C−∞ and I 6= C
−
∞
then
kI(τ) = 0
(iv) if S1, . . . , Sn are isometries with orthogonal ranges
and n ≥ 2 then
k−∞(S1, . . . , Sn) > 0.
We saw that k−p for finite integer p is related to p-dimensional
Lebesgue measure and somewhat more loosely when p is not an in-
teger to corresponding quantities of Hausdorff dimension p. When
p = ∞ we have found that instead of a p-dimensional measure there
are connections to dynamical entropy. Using k−∞ a quantity “approxi-
mately” equivalent to the Kolmogorov–Sinai dynamical entropy can be
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obtained ([47]). Here is how this dynamical perturbation entropy ([47])
is constructed.
Let θ be a measure-preserving automorphism of a probability mea-
sure space (Ω,Σ, µ), µ(Ω) = 1. Let further Uθ be the unitary operator
in L2(Ω,Σ, µ) induced by θ and Φ the set of multiplication operators
in L2(Ω,Σ, µ) by measurable numerical functions which take finitely
many values. The dynamical perturbation entropy is defined by the
formula
Hp(θ) = sup
ϕ ⊂ Φ
ϕ finite
k−∞(ϕ ∪ {Uθ}).
This is the definition from [49]. It is easy to show that it is equal to
the quantity denoted by H˜P (θ) in [47], [48].
Comparing HP (θ) to the Kolmogorov–Sinai entropy h(θ) we have
the following results [48].
(i) There are universal constants 0 < C1 < C2 < ∞ so
that
C1h(θ) ≤ HP (θ) ≤ C2h(θ).
(ii) If θ is a Bernoulli shift then
Hp(θ) = γh(θ)
where 0 < γ <∞ is a universal constant.
It is not known whether (ii) does not actually hold for all θ.
The definition of HP (θ) easily extends to more general non-singular
transformations θ for which there may be no equivalent invariant proba-
bility measure. It is not known whether HP (θ) is a non-trivial invariant
for transformations which are not equivalent to transformations with
an invariant probability measure. As pointed out by Lewis Bowen to
us, the results of [24] may be relevant to this question.
Weaker than the connection to the Kolmorgorov–Sinai entropy,
there is also a connection to the Avez entropy of random walks on
groups.
Let G be a group with a finite generator g1, . . . , gn and let µ be
a probability measure with finite support on G and let h(G, µ) be the
Avez entropy of the random walk on G defined by µ. We have the
following result [50]:
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If h(G, µ) > 0 then k−∞(λ(g1), . . . , λ(gn)) > 0 where λ is
the regular representation of G on ℓ2(G).
We should also point out to the reader that further results on k−∞
for Gromov hyperbolic groups G and for the entropy of subshifts can
be found in the papers [32], [33], [34] of Rui Okayasu.
The result about Avez entropy dealt with k−∞(λ(g1), . . . , λ(gn)).
We shall return to this quantity in the next section where we discuss
kI(λ(g1), . . . , λ(gn)) more generally.
9. Finitely generated groups and supramenability
If G is a finitely generated group with generator γ = {g1, . . . , gn}
and I is a normed ideal, then, which of the following three possibilities
takes place
kI(λ(γ)) = 0,
0 < kI(λ(γ)) <∞,
kI(λ(γ)) =∞
does not depend on the choice of the generator γ and is thus an invari-
ant of the group G. In particular if I = C−p , the number p0 ∈ [1,∞] so
that p ∈ [1, p0) ⇒ k
−
p (λ(γ)) = 0 and p ∈ (p0,∞] ⇒ k
−
p (λ(γ)) = ∞ is
an invariant of G, a kind of dimension.
Here are three examples.
1◦ [43] If G = Zn then k−n (λ(γ)) ∈ (0,∞).
2◦ [4] If G is the discrete Heisenberg group of 3×3 upper
triangular, unipotent matrices with integer entries, then
k−4 (λ(γ)) ∈ (0,∞).
3◦ [45] If G is a free group on n ≥ 2 generators, then
k−∞(λ(γ)) ∈ (0,∞).
In view of the special features of k−∞ and C
−
∞ it is natural to wonder
for which finitely generated groups is k−∞(λ(γ)) = 0?
Here is what we know [54]:
(i) if G has subexponential growth the k−∞(λ(γ)) = 0.
(ii) if k−∞(λ(γ)) = 0, then G
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The fact that subexponential growth insures the vanishing of k−∞(λ(γ))
is easy. The second assertion uses a recent result of Kellerhals–Monod–
Rørdam [28] which is not easy. For the reader’s convenience we include
here a few things about the notion of supramenability introduced by
Joseph Rosenblatt [38] (we’ll stay with finitely generated groups). The
group G is supramenable if for every subset ∅ 6= A ⊂ G there is a left
invariant, finitely additive measure on the subsets of G, taking values
in [0,∞], so that µ(A) = 1. In particular supramenable groups are
amenable and groups with subexponential growth are supramenable.
On the other hand there are amenable groups which are not supra-
menable. The Kellerhals–Monod-Rørdam theorem establishes the fact
that supramenability of G is equivalent to the fact that there is no
Lipschitz embedding of a free group on two generators F2 into G with
respect to the Cayley graph metric. It is also not known whether
supramenability and subexponential growth are not actually equiva-
lent properties.
Concerning the class of finitely generated groups for which k−∞(λ(γ))
vanishes, it is natural to ask whether it coincides with the class of
supramenable groups or with the class of groups with subexponential
growth, with the possibility that actually all three classes coincide. Note
also a fourth condition introduced by Monod [31] quite recently and
which could be equivalent to some of the preceding.
Amusingly, there is a certain similarity in what we don’t know about
supramenability and about vanishing of k−∞(λ(γ)). We don’t know
whether the supramenability of G1 and G2 implies that of G1 × G2.
Similarly, we don’t know whether vanishing of k−∞ for G1 and G2 implies
this property for G1 × G2. We should also point out that this is a
question specifically for generators of groups, since there are n-tuples
τ and τ ′ so that k−∞(τ ⊗ I, I ⊗ τ
′) > 0, while k−∞(τ) = k
−
∞(τ
′) = 0
(actually k−p (τ) = k
−
p (τ
′) = 0 for some given p > 1) [54].
Finally, we should remark that the questions about kI(λ(γ)) > 0 are
actually questions about functions on G. If ℓI(G) denotes the symmet-
rically normed Banach space on G, which identifies with the diagonal
operators in I, then kI(λ(γ)) > 0 is equivalent to
0 < inf
{
max
1≤j≤n
|f(·)− f(gj·)|I | f : G→ R, supp f finite, f(e) = 1
}
.
The quantity appearing above can be viewed as a generalization of
Yamasaki hyperbolicity, which is the special case when I = Cp [59].
From this point of view it is easy to see that kI(λ(γ)) = 0 is a
property of the Cayley graph of G. Actually, even more:
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if G1,G2 are groups with finite generators γ1, γ2 and ψ :
G1 → G2 is an injection which is Lipschitz with respect to
the Cayley graph metrics, then
kI(λ(γ2)) = 0⇒ kI(λ(γ1)) = 0
(this was used for I = C−∞ in [54]).
10. The commutant mod a normed ideal E(τ ; I) and its
compact ideal K(τ ; I)
To put more structure around the invariant kI(τ), we shall now
introduce the commutant mod I of τ . We shall assume τ = τ ∗.
The commutant mod I of the n-tuple of hermitian oper-
ators τ is the subalgebra of B(H)
E(τ ; I) = {X ∈ B(H) | [X, Tj ] ∈ I, 1 ≤ j ≤ n}
which is a Banach algebra with isometric involution when
endowed with the norm
9X9 = ‖X‖+ max
1≤j≤n
|[Tj , X ]|I.
The compact ideal of E(τ ; I) is
K(τ ; I) = E(τ ; I) ∩K
and the Calkin algebra of E(τ ; I) is the quotient Banach
algebra with involution
E/K(τ ; I) = E(τ ; I)/K(τ ; I).
Whether kI(τ) vanishes, is finite but > 0 or = ∞, often appears
among the assumptions when studying properties of E(τ ; I). Actually
these 3 situations can be expressed also in terms of approximate units
for the compact ideal K(τ ; I) ([55], [57]).
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Assume R is dense in I.
a) The following are equivalent
(i) kI(τ) = 0
(ii) there are Am ∈ K(τ ; I), m ∈ N so that
lim
m→∞
9AmK −K9 = lim
m→∞
9KAm −K9 = 0
for all K ∈ K(τ ; I) and 9Am9 ≤ 1, m ∈ N.
(iii) condition (ii) is satisfied and moreover the
Am are finite rank, 0 ≤ Am ≤ I and Am ↑ I
as m→∞.
b) The following are equivalent
(i) kI(τ) <∞
(ii) there are Am ∈ K(τ ; I), m ∈ N so that
lim
m→∞
9AmK −K9 = lim
m→∞
9KAm −K9 = 0
for all K ∈ K(τ ; I) and supm∈N 9Am9 <
∞.
(iii) condition (ii) is satisfied and moreover the
Am are finite rank 0 ≤ Am ≤ I and Am ↑ I
as m→∞.
In general E/K(τ ; I) is only a Banach-algebra and for purely alge-
braic reasons it identifies with the ∗-subalgebra p(E(τ ; I)) of the usual
Calkin algebra B/K. However, the connection between kI(τ) and ap-
proximate unit for K(τ ; I) has the following somewhat unexpected con-
sequence for E/K(τ ; I).
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Assuming R is dense in I, we have:
a) if kI(τ) < ∞ then p(E(τ ; I)) is a C
∗-subalgebra
of B/K which is isometrically isomorphic to
E/K(τ ; I).
b) if kI(τ) = 0 then p(E(τ ; I)) is a C
∗-subalgebra of
B/K, which is isomorphic as a Banach algebra
to E/K(τ ; I) (the norms are equivalent).
c) in particular if I = C−∞, p(E(τ ;C
−
∞)) is always
a C∗-algebra canonically isomorphic to the Ba-
nach algebra E/K(τ ; I) and if k−∞(τ) = 0, the
isomorphism is isometric.
Concerning the analogy with the usual Calkin algebra, we should
also mention the result in [6] about the centre of certain E/K(τ ; I).
11. Banach space dualities
When kI(τ) = 0 and certain additional conditions are satisfied there
are many similarities between (K(τ ; I),E(τ ; I)) and (K,B) (which can
be viewed as the case of τ = 0). For instance, we have the following
Banach space duality properties ([52], [56])
1◦ assuming R is dense in I and in Id and kI(τ) = 0, we
have that E(τ ; I) identifies with the bidual of K(τ ; I)
2◦ assuming I is reflexive and kI(τ) = 0, the Banach
space E(τ ; I) has unique predual.
The second property, the uniqueness of predual result, is the ana-
logue of the Grothendieck–Sakai uniqueness ([21], [39]). It uses a de-
composition into singular and ultraweakly continuous part of the func-
tionals on E(τ ; I) which is analogous to a theorem of M. Takesaki [41]
for von Neumann algebras. This result then can be used in conjunction
with a general result of H. Pfitzner [36] on unique preduals.
The dual of K(τ ; I) which is implicit in the above results, under the
assumption that R is dense in I and that kI(τ) < ∞ ([52], [55]) can
be identified with (C1× (I
d)n)/N, where N is the subspace of elements
(x, (yj)1≤j≤n) so that x =
∑
1≤j≤n[Tj , yj]. The norm on (C1 × (I
d)n) is
‖(x, (yj)1≤j≤n‖ = max
(
|x|1,
∑
1≤j≤n
|yj|Id
)
.
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The duality pairings arise by mapping E(τ ; I) (and hence also K(τ ; I))
into B× In by
X → (X, ([X, Tj ])1≤j≤n).
12. Multipliers
If I is a normal ideal, we recall that I(0) denotes the closure of R in
I. Let also
I˜ =
{
X ∈ K | sup
P∈P∩R
|PX|I <∞
}
where P is the set of hermition projections in B. The sup in the
definition of I˜ is the definition of a norm on I˜ which is also a normed
ideal. The fact that B is the multiplier algebra (double centralizer) of
K has the following analogue in our setting ([52], [55]):
If I is a normed ideal and τ is an n-tuple of hermitian
operators, so that kI(τ) <∞,, then K(τ ; I
(0)) is a closed
ideal in E(τ ; I˜) and E(τ ; I˜) identifies with the multiplier
algebra of K(τ ; I(0)).
13. Countable degree −1-saturation
The countable degree−1-saturation property of C∗-algebras of I. Farah
and B. Hart [18], is a model-theory property which is satisfied by the
Calkin algebra and by many other corona algebras. Very roughly, if
certain linear relations are satisfied approximately, they can also be
satisfied exactly. We have shown in [52] the following:
If R is dense in I and kI(τ) = 0, then E/K(τ ; I) has the
countable degree −1-saturation property of Farah–Hart.
Based on a result of [10], here is an example of the consequences
of degree −1-saturation.
Assume R is dense in I and kI(τ) = 0. If Γ is a countable
amenable group and ρ is a bounded homomorphism
ρ : Γ→ GL(E/K(τ ; I))
then ρ is unitarizable, that is, there is s ∈ GL(E/K(τ ; I))
so that
sρ(Γ)s−1 ⊂ U(E/K(τ ; I)).
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14. K-theory aspects
In case I = K and C∗(τ)∩K = {0}, the algebra E/K(τ ; I) which is
the commutant of p(C∗(τ)) in the Calkin algebra B/K, is precisely the
Paschke dual of C∗(τ). The first impulse when encountering the algebra
E/K(τ ; I) is to think that they are some kind of smooth subalgebras of
the Paschke dual. Already the fact that when kI(τ) <∞, E/K(τ ; I) is
a C∗-algebra, suggests we are dealing with a quite different situation.
Results about the K-theory, which show the K-theory can be much
richer than that of the Paschke dual make this difference quite clear.
To avoid technicalities, we will deal here with generic examples in-
stead of the more general results in the original papers. We shall con-
sider τn the n-tuple of multiplication operators by the coordinate func-
tions in L2([0, 1]n, dλ), where λ is Lebesgue measure. The C∗-algebra
of τn is the C
∗-algebra of continuous functions on [0, 1]n. Since [0, 1]n is
contractable we infer because of the properties of the Paschke dual con-
struction that theK0-group of E/K(τn;K) is the same asK0(B/K) = 0.
We shall denote by Fn the ordered group of Lebesgue measurable
functions f : [0, 1]n → Z up to almost everywhere equality and which
are in L∞([0, 1]n, dλ), i.e., bounded. Note that Fn coincides with the
order group K0((τn)
′) where (τn)
′ is the von Neumann algebra which i
the commutant of τn.
Example 1 [55]. There is an order preserving isomor-
phism
K0(E(τ ;C1))→ F1
where for each projection P in Mn(E(τ ;C1)) its K0-
class [P ]0 is mapped to the multiplicity function of the
Lebesgue absolutely continuous part of P (T ′1 ⊗ In)P
where τ1 = (T1). Since k1(τ1) < ∞ we have that the
K-group of K(τ1;C1) and K are equal and since E(τ1;C1)
contains a Fredholm operator of index 1, we have that
K0(E(τ1,C1)) ≃ K0(E/K(τ1,C1)).
Example 2 [55]. Assume I 6= C1 and R is dense in I,
then we have
K0(E(τ1; I)) = 0
and this also implies
K0(E/K(τ1; I)) = 0
since R is dense in K(τ1, I) and K1(K(τ1, I)) = 0.
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Example 3 [55]. If n ≥ 3 and I = C−n , then we have
K0(E(τn,C
−
n )) = Fn ⊕ Xn
where the direct summand Xn is not known. This can
also be stated saying that the map
K0((τn)
′)→ K0(E(τn;C
−
n ))
is an injection and its range is complemented. This uses
the results on C−n perturbations of commuting n-tuples
of hermitian operators. Using k−n (τn) < ∞ we also have
that K0(E(τn,C
−
n ) ≃ K0(E/K(τn;C
−
n )).
The next example will show that if n > 1, there is no analogue of
the situation we had when n = 1 in Example 2, that is that K0 be
trivial if I ⊃ C−n , I 6= C
−
n .
Example 4 [51]. Let n = 2 and I = C2. Then, if P is a
projection in Mn(E(τ2,C2)), the operator P ((T1 + iT2)⊗
In)P is an operator with trace-class self-commutator and
associated with such an operator there is its Pincus prin-
cipal function gP (T⊗In)P which is in L
1([0, 1]2, dλ). The
map
[P ]0 → gP (T⊗In)P ∈ L
1([0, 1]2, dλ)
turns out to be well defined and gives a homomorphism
K0(E(τ2,C2))→ L
1([0, 1]2, dλ).
One can also show that the range is an uncountable subgroup of
L1([0, 1]2, dλ). We refer the reader to ([51], [46], [53]) for a discussion
about how this homomorphism relates K0(E(τ2;C2)) to problems on
almost normal operators. Note also that the Pincus principal function
([9], [30]) is related to cyclic cohomology and thus at least some part of
K0(E(τ2;C2)) is related to cyclic cohomology [14]. We should also point
out that the algebras E(τ2;C2) are also related to non-commutative
potential theory objects ([11], [12], [51]).
15. The hybrid generalization
I the recent papers [57], [58] we have shown that the machinery
we developed for normed ideal perturbations extends to hybrid per-
turbations that is n-tuples of hermitian operators τ and τ ′ such that
Tj − T
′
j ∈ Ij where (I1, . . . , In) is an n-tuple of normed ideals. The
surprising feature has been that the extension continues to produce
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sharp results. We shall illustrate this with a few examples of results
for commuting n-tuples of hermitian operators.
If τ = (Tj)1≤j≤n is an n-tuple of hermitian operators
and (I1, . . . , In) is an n-tuple of normed ideals, then
k(I1,...,In)(τ) is defined as the smallest C ∈ [0,∞] for which
there are Am ↑ I, 0 ≤ Am ≤ I finite rank operators so
that
lim
m→∞
max
1≤j≤n
|[Am, Tj]|Ij = C.
If the n-tuple of ideals is (Cp1, . . . ,Cpn) or (C
−
p1
, . . . ,C−pn) we also use
the notation kp1,...,pn(τ) or k
−
p1,...,pn
(τ) respectively.
1◦ [58] Let τ and τ ′ be n-tuples of commuting hermitian
operators and pj ≥ 1, 1 ≤ j ≤ n so that p
−1
1 +· · ·+p
−1
n = 1
and Tj − T
′
j ∈ C
−
pj
1 ≤ j ≤ n. Then the absolutely
continuous parts τac and τ
′
ac are unitarily equivalent.
2◦ [57] Let pj ≥ 1, 1 ≤ j ≤ n be so that p
−1
n + · · ·+p
−1
1 =
1. Then there is a universal constant 0 < γp1,...,pn < ∞
so that if τ is an n-tuple of commuting hermitian opera-
tors and m(x), x ∈ Rn is the multiplicity function of its
Lebesgue absolutely continuous part, we have
(k−p1,...,pn(τ))
n = γp1,...,pn
∫
Rn
m(s)dλ(s).
16. Unbounded Fredholm modules
Alain Connes ([13], see also [15], [19]) has provided an upper bound
for k−n based on unbounded Fredholm modules arising in his work on
non-commutative geometry.
The unbounded Fredholm module with which one deals here is given
by a ∗-algebra of bounded operators on a Hilbert space H and an
unbounded densely defined self-adjoint operator D so that:
[D, a] when a ∈ A, is densely defined and bounded, and |D|−1 ∈ I,
where I is a normed ideal.
We refer to (A, D) as an unbounded I-Fredholm-module on H.
(From the early papers [13], [14] the terminology has been fluid and
other related names like spectral triple, K-cycle have also been used).
Here is the Connes estimate:
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Let τ be an n-tuple of operators in A, where (A, D) is
a (C−q )
dual-unbounded Fredholm module, with q = p(p −
1)−1, then
k−p (τ) ≤ βp‖[D, τ ]‖(Trω(|D|
−p))1/p
where βp is a universal constant and Trω is the Dixmier
trace.
Note that the ideal (C−q )
dual is larger than C−p , it is actually C
+
p the
(p,∞) ideal on the Lorenz scale. The estimate fits situations involving
pseudodifferential operators D.
Unless some of the unbounded Fredholm module requirements are
relaxed one should not expect a perfect fit between existence of Fred-
holm modules and k−p . On the other hand, unbounded Fredholm mod-
ules behave well with respect to tensor products, which is not the case
for k−p . For other results around unbounded Fredholm modules and kI
see also the last part of [45].
For more on the Connes estimate and non-commutative geometry
see ([13], [15], [19]).
17. Sample open problems
Besides the open questions which have come up in our exposition,
there are certainly many more. Here are a few we would like to point
out.
Problem 1. Find upper and lower bounds for the uni-
versal constants γn, n ≥ 2 in the formula for (k
−
n (τ))
n
where τ is an n-tuple of commuting hermitian operators.
More generally the same question for the universal con-
stants γp1,...,pn in the hybrid setting is also open. Clearly,
it would be of interest to have lower and upper bounds
as close to each other.
Problem 2. Does the Farah–Hart degree −1-saturation
property still hold for p(E(τ ; I)) when the assumption
kI(τ) = 0 is replaced by 0 < kI(τ) <∞? If the answer to
the preceding is negative, is there some weaker form of
degree −1-saturation of p(E(τ ; I)) when 0 < kI(τ) <∞?
In particular it would be of interest to know the answer
to these questions in the case when I = C1 and τ is a
singleton, a hermitian operator with Lebesgue absolutely
continuous spectrum of multiplicity one.
22 DAN-VIRGIL VOICULESCU
Problem 3. The perturbation entropy of a measure pre-
serving transformation HP (θ) has a natural generaliza-
tion [47] to an invariant HP (θ1, . . . , θn) of an n-tuple of
such transformations
sup
ϕ ⊂ Φ
ϕ finite
k−∞(ϕ ∪ {Uθ1, . . . ,Uθn}).
What is the corresponding generalization of the
Kolmogorov–Sinai entropy h(θ) so that
HP (θ1, . . . , θn)
⌣
⌢
h(θ1, . . . , θn)?
One possible candidate for h(θ1, . . . , θn) could be the
supremum over finite partitions P of the probability mea-
sure space of
lim inf
m→∞
m−1H(Pm)
where Pn is defined recursively by P1 = P and Pm+1 =
Pm ∨ θ1Pm ∨ · · · ∨ θnPm.
References
[1] W. B. Arveson, Notes on extensions of C∗-algebras, Duke Math. J. 44 (1977),
329–355.
[2] M. F. Atiyah, Global theory of elliptic operators, Proc. Internat. Conf. on
Functional Analysis and Related Topics (Tokyo 1969), pp. 21–30, Univ. of
Tokyo Press, Tokyo, 1970.
[3] H. Bercovici and D. V. Voiculescu, The analogue of Kuroda’s theorem for n-
tuples, in: Operator Theory: Advances and Applications, Vol. 41, Birkha¨user,
Basel, 1989.
[4] D. Bernier, Quasicentral approximate units for the discrete Heisenberg group,
J. Operator Theory 29 (1993), No. 2, 225–236.
[5] B. Blackadar, K-theory for operator algebras, Math. Sci. Res. Inst. Publ. 5,
Springer, New York, 1986.
[6] J. Bourgain and D. V. Voiculescu, The essential centre of the mod–a diagonal-
ization ideal commutant of an n-tuple of commuting hermitian operators, in:
Noncommutative Analysis, Operator Theory and Applications, 77–80, Oper.
Theory Adv. Appl. 252, Linear Oper. Linear Syst., Birkha¨user/Springer, 2016.
[7] L. G. Brown, R. G. Douglas, and P. A. Fillmore, Unitary equivalence modulo
the compact operators and extensions of C∗-algebras, in: Lecture Notes in
Math., Vol. 345, Springer Verlag, 1984, pp. 58–127.
[8] L. G. Brown, R. G. Douglas, and P. A. Fillmore, Extensions of C∗-algebras
and K-homology, Ann. of Math. (2) 105 (1977), 265–324.
[9] R. W. Carey and J. D. Pincus, Commutators, symbols and determining func-
tions, J. Funct. Anal. 19 (1975), 50–80.
COMMUTANTS MOD NORMED IDEALS 23
[10] Y. Choi, I. Farah and N. Ozawa, A non-separable amenable operator algebra
which is not isomorphic to a C∗-algebra, Forum Math. Sigma 2 (2014), 12 pp.
[11] F. Cipriani, Dirichlet forms of non-commutative spaces, in: Lecture Notes in
Math., Vol. 1954, Springer Verlag, 2008, pp. 161–276.
[12] F. Cipriani and J.–L. Sauvageot, Derivations and square roots of Dirichlet
forms, J. Funct. Anal. 13(3), (2003), 521–545.
[13] A. Connes, Trace de Dixmier, modules de Fredholm et ge´ometrie riemannierre,
Nucl. Phys. B, Proc. Suppl. 5B (1988), 65–70.
[14] A. Connes, Non-commutative differential geometry, IHES Publ. Math., Vol. 62,
1985, pp. 257–360.
[15] A. Connes, “Non-commutative geometry”, Academic Press, Inc., San Diego,
CA, 1994.
[16] A. Connes, On the spectral characterization of manifolds, J. Noncommut.
Geom. 7 (2013), No. 1, 1–82.
[17] G. David and D. Voiculescu, s-numbers of singular integrals for the invariance
of absolutely continuous spectra in fractional dimension, J. Funct. Anal. 94
(1990), 14–26.
[18] I. Farah and B. Hart, Countable saturation of corona algebras, C. R. Math.
Rep. Acad. Sci., Canada 35(2) (2013), 35–56.
[19] J. M. Garcia–Bondia, J. C. Varilly and H. Figueroa, “Elements of Non-
commutative Geometry”, Birkha¨user Advanced Texts: Baseler Lehrbucher,
Birkha¨user, 2001.
[20] I. C. Gohberg and M. G. Krein, Introduction to the theory of non-self-adjoint
operators, Translations of Mathematical Monographs, Vol. 18, AMS, Provi-
dence, RI, 2005.
[21] A. Grothendieck, Une characterization vectorielle des espace L1, Canadian
J. of Math. 7(1955), 552–561.
[22] J. W. Helton and R. Howe, Integral operators, commutator traces, index and
homology, in: Proceedings of a Conference on Operator Theory, in: Lecture
Notes in Math., Vol. 345, Springer Verlag, 1973, pp. 141–209.
[23] N. Higson and J. Roe, “AnalyticK-Homology”, Oxford University Press, 2004.
[24] M. Hochman, Every Borel automorphism without finite invariant measures
admits a two-set generator, arXiv: 1508.02335.
[25] J. Kaminker and C. L. Schochet, Spanier–Whitehead K-duality for C∗-
algebras, arXiv: 1609.00409.
[26] G. G. Kasparov, The operator K-functor and extensions of C∗-algebras, Math.
USSR Izvestiya (English translation) 16 (1981), 513–572.
[27] T. Kato, Perturbation theory for linear operator, Classics of Mathematics,
Springer Verlag, Berlin, 1995.
[28] J. Kellerhals, N. Monod and M. Rørdam, Non-supramenable groups acting on
locally compact spaces, Doc. Math. 18 (2013), 1597–1626.
[29] J. Lindenstrauss and L. Tzafriri, “Classical Banach Spaces I and II”, Springer,
2014.
[30] M. Martin and M. Putinar, Lectures on hyponormal operators, in: Operator
Theory: Advances and Applications, Vol. 39, Birkha¨user, 1989.
[31] N. Monod, Fixed points in covex cones, arXiv: 1701.05537.
[32] R. Okayasu, Entropy of subshifts and the Macaev norm, J. Math. Soc. Japan,
Vol. 56, No. 1 (2004), 177–191.
24 DAN-VIRGIL VOICULESCU
[33] R. Okayasu, Gromov hyperbolic groups and the Macaev norm, Pacific J. Math.,
Vol. 223, No. 1 (2006), 141–157.
[34] R. Okayasu, Perturbation theoretic entropy of the boundary actions of free
groups, Proc. Amer. Math. Soc. 134 (2006), 1771–1776.
[35] W. L. Paschke,K-theory for commutants in the Calkin algebra, Pacific J. Math.
95 (1981), 427–434.
[36] H. Pfitzner, Separable L-embedded Banach spaces are unique preduals, Bull.
London Math. Soc. 39 (2007).
[37] M. Reed and B. Simon, Methods of modern mathematical physics, Vol. III:
Scattering theory, Academic Press, 1979.
[38] J. M. Rosenblatt, Invariant measures and growth conditions, Trans. Amer.
Math. Soc. 193 (1974), 33–53.
[39] S. Sakai, A characterization ofW ∗-algebras, Pacific J. of Mathematics 6 (1956),
763–773.
[40] B. Simon, “Trace Ideals and Their Applications”, 2nd Ed., Mathematical Sur-
veys and Monographs 120, AMS, Providence, RI, 2005.
[41] M. Takesaki, On the conjugate space of an operator algebra, Tohoku Math.
J. 10 (1958), 194–203.
[42] D. V. Voiculescu, A non-commutative Weyl–von Neumann theorem, Rev.
Roumaine Math. Pures Appl. 21 (1976), 97–113.
[43] D. V. Voiculescu, Some results on norm-ideal perturbations of Hilbert space
operators I, J. Operator Theory 2 (1979), 3–37.
[44] D. V. Voiculescu, Some results on norm-ideal perturbations of Hilbert space
operators II, J. Operator Theory 5 (1981), 77–100.
[45] D. V. Voiculescu, On the existence of quasicentral approximate units relative
to normed ideals I, J. Funct. Anal. 91(1) (1990), 1–36.
[46] D. V. Voiculescu, Almost normal operators mod γp, in: V. P. Havin, S. V.
Hruscev, N. K. Nikoski (Eds.), Linear and Complex Analysis Problem Book,
Lecture Notes in Math., Vol. 1043, Springer Verlag, 1984, pp. 227–230.
[47] D. V. Voiculescu, Entropy of dynamical systems and perturbations of operators
I, Ergodic Theory and Dynamical Systems 11 (1991), 779–786.
[48] D. V. Voiculescu, Entropy of dynamical systems and perturbations of operators
II, Houston Math. J. 17 (1991), 651–661.
[49] D. V. Voiculescu, Perturbations of operators, connections with singular inte-
grals, hyperbolicity and entropy, in: Harmonic Analysis and Discrete Potential
Theory (Frascati, 1991), 181–191, Plenum Press, New York, 1992.
[50] D. V. Voiculescu, Entropy of random walks on groups and the Macaev norm,
Proc. AMS 119 (1993), 971–977.
[51] D. V. Voiculescu, Almost normal operators mod Hilbert–Schmidt and the K-
theory of the algebras EΛ(Ω), J. Noncommutative Geom. 8(4) (2014), 1123–
1145.
[52] D. V. Voiculescu, Countable degree −1 saturation of certain C∗-algebras which
are coronas of Banach algebras, Groups Geom. Dyn. 8 (2014), 985–1006.
[53] D. V. Voiculescu, Some C∗-algebras which are coronas of non-C∗-Banach al-
gebras, J. Geom. and Phys. 105 (2016), 123–129.
[54] D. V. Voiculescu, A remark about supramenability and the Macaev norm,
arXiv: 1605.02135.
COMMUTANTS MOD NORMED IDEALS 25
[55] D. V. Voiculescu, K-theory and perturbations of absolutely continuous spectra,
arXiv: 1606.00520.
[56] D. V. Voiculescu, Lebesgue decomposition of functionals and unique preduals
for commutants modulo normed ideals, Houston J. Math. 43 (2017), No. 4,
1251–1262.
[57] D. V. Voiculescu, Hybrid normed ideal perturbations of n-tuples of operators I,
J. Geom. Phys. 128 (2018), 169–184.
[58] D. V. Voiculescu, Hybrid normed ideal perturbations of n-tuples of operators
II weak wave operators, arXiv: 1801.00490.
[59] M. Yamasaki, Parabolic and hyperbolic infinite networks, Hiroshima Math.
J. (1977), 135–146.
D.V. Voiculescu, Department of Mathematics, University of Cali-
fornia at Berkeley, Berkeley, CA 94720-3840
